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Abstract
A compact Riemann surface X of genus g > 1 is said to be elliptic–hyperelliptic if X admits a
conformal involution ρ for which X/ρ is an orbifold of genus 1. Here we classify conformal actions
on elliptic–hyperelliptic Riemann surfaces of genus g > 5 up to topological conjugacy and determine
which of them can be maximal.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
A Riemann surface X of genus g > 2 is said to be p-hyperelliptic if and only if X
admits a conformal involution ρp , such that X/ρp is an orbifold of genus p. In the partic-
ular cases p = 0,1, X are called hyperelliptic and elliptic–hyperelliptic Riemann surfaces,
respectively. If g > 4p + 1 then ρp is unique and central in the group Aut(X) of all auto-
morphisms of X [15] and it is called the p-hyperelliptic involution.
Hyperelliptic Riemann surfaces and their automorphisms have received a good deal of
attention in the literature. In [2,11] the authors determined the full groups of conformal
automorphisms of such surfaces which made possible recently to classify symmetry types
of such actions in [4].E-mail address: ewa.tyszkowska@math.univ.gda.pl.
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the most attention has been paid to a study of groups of automorphisms of bordered Klein
surfaces with the exception of [5] were the pairs of symmetries of compact p-hyperelliptic
Riemann surfaces were classified.
The classification of conformal actions up to topological conjugacy is a classical prob-
lem which up to now was solved only for surfaces of genera g = 2,3 in [3] and g = 4
in [1]. In this paper we classify them for elliptic–hyperelliptic Riemann surfaces. We also
determine which of the actions can be maximal.
2. Preliminaries
We shall approach the problem using Fuchsian groups which are discrete and cocompact
subgroups of the group LF(2,R) of linear fractional transformations
z → az + b
cz + d (a, b, c, d real, ad − bc = 1)
of the complex upper half-planeH into itself. If Γ is a Fuchsian group then the orbit space
with the identification topology is a surface denoted by H/Γ . The orbit space is given an
analytic structure such that the projection mapping p :H→H/Γ is holomorphic. If Γ is
a normal subgroup of Fuchsian group Λ, then the factor group G = Λ/Γ acts as a group
of automorphisms of the Riemann surface H/Γ by (λΓ )(Γ x) = Γ (λx). Conversely, if
X is a compact Riemann surface of genus g  2, then X can be identified with H/Γ ,
where Γ is a Fuchsian group acting without fixed points in H. Moreover, if G is the group
of automorphisms, then exists a Fuchsian group Λ with Γ as normal subgroup, such that
G ∼= Λ/Γ and the action of G on X coincides with that described above. Let θ :Λ → G be
the canonical epimorphism. We say that θ and θ ′ :Λ′ → G′ give rise to topologically equiv-
alent or topologically conjugate actions if ϕθ = θ ′ψ for some isomorphisms ϕ :G → G′
and ψ :Λ → Λ′. Each Fuchsian group Λ is given a signature σ(Λ) = (g;m1, . . . ,mr),
where g,mi are integers verifying g  0,mi  2. The signature determines the presenta-
tion of Λ:
generators: x1, . . . , xr , a1, b1, . . . , ag, bg,
relations: xm11 = · · · = xmrr = x1 . . . xr [a1, b1] . . . [ag, bg] = 1.
Such set of generators is called the canonical set of generators and often, by abuse of
language, the set of canonical generators. Geometrically xi are elliptic elements which
correspond to hyperbolic rotations. The integers m1,m2, . . . ,mr are called the periods of
Λ and g is the genus of the orbit space H/Λ. Fuchsian groups with the signatures (g;−)
are called surface groups and are characterized among Fuchsian groups as these ones which
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called the area of the group, is
µ(Λ) = 2π
(
2g − 2 +
r∑
i=1
(1 − 1/mi)
)
.
We shall use the following proposition.
Proposition 2.1 [10]. If Λ is a normal subgroup of Λ′ of finite index N , x1, . . . , xr is the
set of canonical elliptic generators of Λ′, [m1, . . . ,mr ] the set of periods of Λ′ and pi
denotes the order of Λxi ∈ Λ′/Λ, then the proper periods in σ(Λ) are
[
m1/p1,
N/p1. . . ,m1/p1, . . . ,mr/pr ,
N/pr. . . ,mr/pr
]
.
The orbit genus of the above group Λ can be found by the Riemann–Hurwitz formula
which says that µ(Λ) = Nµ(Λ′).
Let X be a compact Riemann surface of genus g > 1. The surface X is p-hyperelliptic
if X admits a conformal involution ρp such that X/ρp has genus p. If p = 0 then X
is hyperelliptic and if p = 1 then X is elliptic–hyperelliptic. The involution ρp is called
p-hyperelliptic involution. If p-hyperelliptic surface X has genus g > 4p + 1 then ρp is
unique and central in the full group of automorphisms of X [15] and this is why we restrict
ourselves to Riemann surfaces of genus g > 5 only. The surface X can be identified with
H/Γ , where Γ is a Fuchsian surface group with orbit genus g and the group 〈ρp〉 with
Γp/Γ , where Γp is a Fuchsian group with signature (p;2, 2g+2−4p. . . ,2). Let G be the group
of automorphisms of X. Then G = Λ/Γ for some Fuchsian group Λ, say with signature
(g′;m1, . . . ,mr). Let G˜ = G/ρp and let θ and π be the canonical epimorphisms from Λ
onto G and G onto G˜ and θ˜ = πθ . We shall use these notations throughout all the paper.
Denote the order of θ˜ (xi) by pi . Then by Proposition 2.1, mi/pi = 2 for i = 1, . . . , s,
mi/pi = 1 for i = s + 1, . . . , r and 2g + 2 − 4p =∑si=1 N/pi , where |G| = 2N . Thus the
Hurwitz–Riemann formula for (Λ,Γp) gives
2p − 2 + N(2 − 2g′) = N
r∑
i=1
(1 − 1/pi).
For p = 1, the only solutions of the above equation are:
(i) g′ = 0, p1 = 2, p2 = p3 = 4, p4 = · · · = pr = 1,
(ii) g′ = 0, p1 = 2, p2 = 3, p3 = 6, p4 = · · · = pr = 1,
(iii) g′ = 0, p1 = p2 = p3 = 3, p4 = · · · = pr = 1,
(iv) g′ = 0, p1 = p2 = p3 = p4 = 2, p5 = · · · = pr = 1,
(v) g′ = p1 = · · · = pr = 1.
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Riemann surfaces and we shall refer to action of the group G as to (2,4,4), (2,3,6),
(3,3,3), (2,2,2,2) or (1;−) action, respectively.
3. The topological type of the (2,4,4) action
Theorem 3.1. The topological type of the (2,4,4) action on elliptic–hyperelliptic Riemann
surface of genus g > 5 is determined by a finite group of automorphisms G = Gm,n,k with
the presentation〈
x, y, c, ρ
∣∣ ρ2, cxc−1yρα, cyc−1x−1, [x, y]ργ , c4ρµ,ynρε, xmy−mkρδ,R〉,
and an epimorphism θ :Λ → G defined by θ(x1) = c−2x, θ(x2) = c, θ(x3) = y−1cρt
and θ(xi) = ρ for i = 4, . . . , t + 3, where R is the set of relations making ρ central,
m,n, k are arbitrary integers for which m divides n, k2 ≡ −1 (n/m) and signature Λ and
ε,α, γ, δ,µ ∈ {0,1} are given in Table 1. Actions corresponding to distinct rows are not
equivalent. In all cases but 4.3.c and 4.6.c, two actions corresponding to the same row and
parameters m1, n1, k1 and m2, n2, k2 are equivalent if and only if m1 = m2, n1 = n2 and
k1 ≡ ±k2 (n/m). In the two exceptional cases, they are equivalent if and only if m1 = m2,
n1 = n2 and k1 ≡ k2 (n/m) or else k1 ≡ −k2 (n/m) if m is even.
Proof. Let G be a group of automorphisms of type (2,4,4) of elliptic–hyperelliptic Rie-
mann surface and let θ :Λ → G be the corresponding epimorphism. Let
c = θ(x2), x = θ(x2)2θ(x1) and y = θ(x2)θ(x1)θ(x2).
Table 1
Case τ = σ(Λ) α γ µ ε δ Conditions
4.1.a [2,4,4,2, t. . . ,2] 0 0 0 0 0 t  1
4.1.b [2,4,4,2, t. . . ,2] 0 0 0 0 1 n/m ≡ 0 (2), t  1
4.1.c [2,4,4,2, t. . . ,2] 0 0 0 1 0 k ≡ 1 (2), t  1
4.2.a [4,8,8,2, t. . . ,2] 0 0 1 0 0 none
4.2.b [4,8,8,2, t. . . ,2] 0 0 1 0 1 n/m ≡ 0 (2)
4.2.c [4,8,8,2, t. . . ,2] 0 0 1 1 0 k ≡ 1 (2)
4.3.a [4,4,4,2, t. . . ,2] 1 0 0 0 0 m ≡ 0 (2)
4.3.b [4,4,4,2, t. . . ,2] 1 0 0 0 1 m,n/m ≡ 0 (2)
4.3.c [4,4,4,2, t. . . ,2] 1 0 0 1 0 n ≡ 0 (2), k ≡ 1 (2)
4.4.a [2,4,8,2, t. . . ,2] 0 1 0 0 0 m ≡ 0 (2)
4.4.b [2,4,8,2, t. . . ,2] 0 1 0 0 1 m,n/m ≡ 0 (2)
4.4.c [2,4,8,2, t. . . ,2] 0 1 0 1 0 m ≡ 0 (2), k ≡ 1 (2)
4.5.a [4,4,8,2, t. . . ,2] 1 1 0 0 0 m ≡ 0 (2)
4.5.b [4,4,8,2, t. . . ,2] 1 1 0 0 1 m,n/m ≡ 0 (2)
4.5.c [4,4,8,2, t. . . ,2] 1 1 0 1 0 m ≡ 0 (2), k ≡ 1 (2)
4.6.a [2,8,8,2, t. . . ,2] 1 0 1 0 0 m ≡ 0 (2)
4.6.b [2,8,8,2, t. . . ,2] 1 0 1 0 1 m,n/m ≡ 0 (2)
4.6.c [2,8,8,2, t. . . ,2] 1 0 1 1 0 n ≡ 0 (2), k ≡ 1 (2)
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elements of order 2 and 4 whose product has order 4 it is easy to check that they satisfy
the relations:
c˜4 = 1, x˜y˜ = y˜x˜, y˜n = 1, c˜x˜c˜−1 = y˜−1, c˜y˜c˜−1 = x˜
for some positive integer n. Thus any other relation R(x˜, y˜, c˜) = 1 can be written as
x˜r y˜s c˜t = 1 for some integers r, s and t in range 0  r, s < n, 0  t < 4. If t is odd then
c˜ = (x˜r y˜s)±1, which implies that c˜ commute with x˜ and y˜. Thus y˜ = x˜ = y˜−1. But then x˜
has order 2 and c˜ is its power. Therefore c˜ cannot have order 4, in contrary to our assump-
tion. If t = 2 then c˜2 = x˜r y˜s commute with x˜ and y˜. Thus x˜ = c˜2x˜c˜2 = c˜(c˜x˜c˜−1)c˜−1 =
c˜y˜−1c˜−1 = x˜−1 and similarly y˜ = y˜−1. Consequently, x˜ and y˜ have order 2 and we have
c˜2 = x˜, c˜2 = y˜ or c˜2 = x˜y˜. The first gives π(θ(x1)) = 1 while the remaining two imply
π(θ(x1x2)2) = 1, a contradiction again. It remains to consider the relations of type x˜r = y˜s .
Assume that such nontrivial relation exist and let x˜m = y˜t be a one with the smallest m.
Then m divides r since otherwise for m′ = (m, r), x˜m′ = y˜s′ for some s′, a contradiction.
In particular, we see that m divides n. Let r = mα. Then x˜r = y˜tα and so r = m, s = t
or x˜r = y˜s is redundant. Now since x˜ and y˜ have the same order, t = mk for some k
co-prime with n/m. Moreover, y˜mk2 = x˜mk = c˜y˜mkc˜−1 = c˜x˜mc˜−1 = y˜−m and therefore
k2 ≡ −1 (n/m). So we get that G˜ has the presentation
G˜ = 〈x˜, y˜, c˜ | y˜n, c˜4, [x˜, y˜], c˜x˜c˜−1y˜, c˜y˜c˜−1x˜−1, x˜my˜−km〉, (1)
where n is arbitrary integer, m its divisor and k2 ≡ −1 (n/m). Let us notice that G˜ =
(Zm ⊕Zn)Z4 = 〈x˜y˜−k, y˜〉 〈c˜〉. Now G is generated by elements x, y, c and involution
ρ which satisfy the relations
cxc−1 = y−1ρα, cyc−1 = xρβ, [x, y] = ργ , c4 = ρµ,
yn = ρε, xm = ymkρδ (2)
for some α,β, γ, ε,µ, δ ∈ {0,1}. Clearly, cyc−1x−1 = 1 and so actually β = 0. Now
θ(x1) = c−2x, θ(x2) = c, θ(x3) = y−1cρt and so θ(x1)2 = c−4ρα , θ(x2)4 = c4 and
θ(x3)4 = c4ργ . In particular, we see that µ = 0 if and only if m2 = 4. Observe that if
n is odd then also γ = α = 0. Indeed, yxy−1 = xρ implies xmρm = yxmy−1 = ymkρδ and
so γ = 1 requires m to be even while α = 1 requires n even since otherwise xn = ynρ
which is impossible as x and y have the same orders. In particular, we conclude that for n
odd, Λ has signature [2,4,4,2, t. . . ,2] or [4,8,8,2, t. . . ,2]. Since Γ is a Fuchsian surface
group, θ(xi) has order mi for all i. Moreover, θ(xi)pi = ρai , where ai = (mi/pi)−1. Thus
cxc−1y = θ(x2)3θ(x1)2θ(x2) = ρa1+a2 and
xyx−1y−1 = θ(x2)2
(
θ(x1)θ(x2)
)2
θ(x1)
−1θ(x2)−3θ(x1)−1θ(x2)−1( )= θ(x2)2 θ(x1)θ(x2) 4θ(x2)−2ρa2 = ρa3+a2 .
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and µ for all possible signatures of Λ which we have considered up to the permutation
of the periods since any such permutation give rise to isomorphic groups with the same
topological type of the action.
It remains to consider the parameters ε and δ. If ε = 0 then 1 = xn = (xm)n/m =
(ymkρδ)n/m = ynkρδn/m = ρδn/m and so if δ = 1 then n/m is even and consequently
k is odd. So xm = ymkρδ gives xmk = y−mρδ . Consequently, if α = 1 then y−mρm =
cxmc−1 = cymkρδc−1 = xmkρδ and so m is even. If ε = 1 then xm = ymkρ = ym(k+n/m)
and so we need to consider here the case δ = 0 only but then k must be odd.
Now we shall check that all groups listed in the theorem actually define (2,4,4) actions
on elliptic–hyperelliptic surfaces. For this, we have to show that they have order 8nm.
Observe that all of them but 4.2.b, 4.2.c, 4.4.c, 4.5.c, 4.6.a, 4.6.b, and 4.6.c have such
orders as appropriate semidirect products. The exceptional group 4.6.a can be constructed
starting with a semidirect product H = (〈x, y | yn, [x, y], xmy−km〉 ⊕ 〈z | z2〉)  〈c | c8〉
with respect to the action cxc−1 = y−1z, cyc−1 = x, czc−1 = z. It has 16nm elements
and admits central element e = c4z of order 2. The group 4.6.a is the factor group H/〈e〉.
The group 4.2.b has such order as a factor group H/〈e〉, where H is a semidirect product
〈x, y | yn, [x, y], x2my−2mk〉 〈c | c8〉 with respect to the action cxc−1 = y−1, cyc−1 = x
and e = c4xmy−mk. Similarly the group 4.6.b is an appropriate factor group and has 8mn
elements. The groups 4.2.c and 4.6.c have order 8mn since they are factor groups H/〈e〉,
where H = 〈x, y〉  〈c〉 = (Zm ⊕ Z2n)  Z8 and e = xnc4. Finally, the groups 4.4.c
and 4.5.c have order 8mn since they can be constructed starting with the group H/〈e〉,
where H = 〈x, y, z | y2n, z2, xmy−mk, [x, y]z, [z, x], [z, y]〉 and e = xnz and then forming
appropriate semidirect product H/〈e〉Z4.
Now let (ε1, k1, δ1) and (ε2, k2, δ2) give rise to equivalent actions. Then in partic-
ular there exists an isomorphism ϕ :G1 → G2 for which ϕ(ρ) = ρ. So ϕ induces an
isomorphism ϕ˜ : G˜1 → G˜2 between the groups with the presentations (1) corresponding
to k1 and k2, respectively. For n  4, there are at most two solutions of the congru-
ence k2 ≡ −1 (n/m). So assume that n > 4. Every element g of G˜i has the unique
presentation g = x˜r y˜s c˜t for some integers in range 0  r < m, 0  s < n, 0  t < 4.
For t 
= 0, the order of g does not exceed 4. So ϕ˜(y˜) = x˜r y˜s . Let ϕ˜(c˜) = x˜ay˜bc˜w .
For w = 0, ϕ˜(c˜) commute with x˜ and y˜ which implies n = 2, while for w = 2, ϕ˜(c˜)
has order 2. So ϕ˜(c˜) = x˜ay˜bc˜±1 and thus ϕ˜(x˜) = ϕ˜(c˜)ϕ˜(y˜)ϕ˜(c˜)−1 = (y˜−r x˜s)±1. Now
ϕ˜(x˜)m = (y˜−rmx˜sm)±1 = (y˜m(sk2−r))±1 and ϕ˜(y˜)mk1 = x˜rmk1 y˜msk1 = y˜rmk1k2 y˜smk1 =
y˜−mk1k2(sk2−r). So ϕ˜(x˜)m = ϕ˜(y˜)mk1 if and only if y˜−m(k1k2±1)(sk2−r) = 1. Since ϕ˜(x˜)
has order n, it follows that (sk2 − r, n/m) = 1 and so the last equation implies that
k1k2 ≡ ±1 (n/m). Since k21 ≡ −1 (n/m), we obtain that k1k2 ± k21 ≡ 0 (n/m). Thus either
k1 ≡ k2 (n/m) or k1 ≡ −k2 (n/m) because (k1, n/m) = 1.
Let us consider the case when ε1 = 1, ε2 = 0. For n even, the corresponding groups
can be shown to have different numbers of elements whose squares are equal to ρ and
therefore they give rise to nonequivalent actions. If n is odd then although the assign-
ment ϕ(x) = xρ, ϕ(y) = yρ, ϕ(c) = c, ϕ(ρ) = ρ induces an isomorphism between such
groups, there does not exist an isomorphism ψ of the group Λ which establishes the equiv-
alence of the actions. Indeed, from the equation ϕθ1(x3) = θ2ψ(x3), where θi :Λ → Gi
are defined in theorem, we get ϕ(y)−1 = θ2ψ(x3)ϕ(c)−1ρt . Since ψ(xi) are conjugate
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c±1 and (y−1cρt )±1 or to (y−1cρt )±1 and c±1, respectively. Moreover, α = γ = 0 and so
ϕ(y) = x±1 or ϕ(y) = y±1. Thus ϕ(y) has order n, a contradiction with the assumption
that ε1 = 1.
So assume, to a contrary, that ε1 = ε2 = 0 and δ1 = 1, δ2 = 0. In this case n/m is even
and so ki are odd. For n > 4, ϕ(y) = xrysρi , ϕ(c) = xaybc±1ρj and ϕ(x) = (y−rxs)±1ρu.
The case u 
= i holds for m even and consequently ρ = ϕ(ρ) = ϕ(xmy−mk1) = yt for
t = ±m(sk2 − r) − m(sk1 + rk1k2) in contrary to the assumption ε2 = 0. It is easy to get
the contradiction for n 4 either. Next suppose that m is odd in case 4.3.c or 4.6.c and k1 ≡
−k2 (n/m). Then n/m is even. Let d be an integer such that k22 = −1+dn/m. Then xmk2 =
y−mρd and since m is odd, the equation y−mρm = cxmc−1 = cymk2c−1 = xmk2 im-
plies that d is odd. Now ϕ(y)mk1 = (xrysρi)mk1 = (ym(rk2+s))−k2ρi = ym(r−sk2)ρi+dr . If
ϕ(c) = xaybcρj then ϕ(x)m = (y−rxsρi+r )m = y−m(r−sk2)ρi+r . Thus ϕ(x)m = ϕ(y)mk1
if and only if y2m(r−sk2) = 1. Since (r − sk2, n/m) = 1 it follows that m = n which is
impossible because n and m have different parities. If ϕ(c) = xaybc−1ρj then ϕ(x)m =
(yrx−sρi+s)m = ym(r−sk2)ρi+s and so ϕ(x)m = ϕ(y)mk1 if and only if ρrd+s = 1 which
implies that r and s have the same parities. However, then r − sk2 is even and so cannot
be co-prime with even n/m, a contradiction.
To prove the sufficiency, let k1 ≡ ±k2 (n/m), ε1 = ε2 and δ1 = δ2. For k1 ≡ k2 (n/m),
the identity maps on the generators of G1, G2 and Λ give an equivalence we are looking
for. For k1 ≡ −k2 (n/m), such an equivalence is given by the isomorphisms ϕ :G1 → G2
and ψ :Λ → Λ defined by the maps ϕ(x) = x−1, ϕ(y) = yρα+γ , ϕ(c) = x−1yc−1 and
by ψ(x1) = x−11 , ψ(x2) = x1x−12 x−11 , ψ(x3) = (x1x2)x−13 (x1x2)−1, ψ(x4) = x−1t+3, . . . ,
ψ(xt+3) = x−14 . 
4. The topological type of the (2,3,6) action
Theorem 4.1. The topological type of the (2,3,6) action on elliptic–hyperelliptic Riemann
surface of genus g > 5 is determined by a finite group of automorphisms G = Gm,n,k with
the presentation
〈
x, y, c, ρ
∣∣ ρ2, cxc−1y−1ρα, cyc−1y−1xρβ, [x, y]ργ , c6ρµ,ynρε, xmy−mkρδ,R〉
and an epimorphism θ :Λ → G defined by θ(x1) = c3x, θ(x2) = c2y, θ(x3) = cρt and
θ(xi) = ρ for i = 4, . . . , t + 3, where R is the set of relations making ρ central, m,n, k
are arbitrary integers for which m divides n, k2 − k + 1 ≡ 0 (n/m), and signature Λ
and ε,α,β, γ, δ,µ ∈ {0,1} are given in Table 2. Actions corresponding to different rows
are not equivalent. Two actions corresponding to the same row and parameters m1, n1, k1
and m2, n2, k2 are equivalent if and only if m1 = m2, n1 = n2 and k1 ≡ k2 (n/m) or
k1 ≡ 1 − k2 (n/m).Proof. Let G be a group of automorphisms of type (2,3,6) of elliptic–hyperelliptic Rie-
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Case τ = σ(Λ) α β γ µ ε δ Conditions
6.1.a [2,3,6,2, t. . . ,2] 0 0 0 0 0 0 t  1
6.2.a [2,6,6,2, t. . . ,2] 0 1 0 0 0 0 m ≡ 0 (2)
6.2.b [2,6,6,2, t. . . ,2] 0 1 0 0 1 k + 1 (2) n ≡ 1 (2)
6.3.a [2,3,12,2, t. . . ,2] 0 0 1 1 0 0 m ≡ 0 (4)
6.3.b [2,3,12,2, t. . . ,2] 0 0 1 1 1 k + 1 (2) m ≡ 2 (4)
6.4.a [2,6,12,2, t. . . ,2] 0 1 1 1 0 0 m ≡ 0 (4)
6.4.b [2,6,12,2, t. . . ,2] 0 1 1 1 1 k + 1 (2) m ≡ 2 (4)
6.5.a [4,3,6,2, t. . . ,2] 1 0 1 0 0 0 m ≡ 0 (4)
6.5.b [4,3,6,2, t. . . ,2] 1 0 1 0 1 k + 1 (2) m ≡ 2 (4)
6.6.a [4,6,6,2, t. . . ,2] 1 1 1 0 0 0 m ≡ 0 (4)
6.6.b [4,6,6,2, t. . . ,2] 1 1 1 0 1 k + 1 (2) m ≡ 2 (4)
6.7.a [4,3,12,2, t. . . ,2] 1 0 0 1 0 0 m ≡ 0 (2)
6.7.b [4,3,12,2, t. . . ,2] 1 0 0 1 1 k (2) n ≡ 1 (2)
6.8.a [4,6,12,2, t. . . ,2] 1 1 0 1 0 0 m ≡ 0 (2)
6.8.b [4,6,12,2, t. . . ,2] 1 1 0 1 0 1 n ≡ 1 (2)
mann surface and let θ :Λ → G be the corresponding epimorphism. Let
c = θ(x1x2)−1, x = θ(x1x2)3θ(x1) and y = θ(x1x2)2θ(x2).
Then x˜ = π(x), y˜ = π(y) and c˜ = π(c) generate G˜ and since π(θ(x1)), π(θ(x2)) are two
elements of order 2 and 3 whose product has order 6 it is easy to check that they satisfy
the relations:
c˜6 = 1, c˜x˜c˜−1 = y˜, c˜y˜c˜−1 = x˜−1y˜, x˜y˜ = y˜x˜, y˜n = 1
for some positive integer n. Thus any other relation R(x˜, y˜, c˜) can be written as x˜r y˜s c˜t = 1
for appropriate integers in range 0  r, s < n, 0  t < 6. For t = 1 or t = 5, c˜ commute
with x˜ and y˜ which implies x˜ = y˜ = 1 and consequently c˜ = 1, a contradiction. For t = 2 or
t = 4, c˜2 commute with x˜ and y˜. Thus x˜ = c˜2x˜c˜−2 = c˜(c˜x˜c˜−1)c˜−1 = c˜y˜c˜−1 = x˜−1y˜ and
similarly y˜ = x˜−1. Consequently, x˜ has order 3 and c˜2 is its power. It means that c˜2 = x˜
or c˜2 = x˜−1, what implies θ˜ (x2) = 1, a contradiction. If t = 3 then c˜3 commute with x˜
and y˜. Thus x˜ = c˜3x˜c˜3 = x˜−1 and y˜ = c˜3y˜c˜3 = y˜−1 and so we have three possibilities
c˜3 = x˜, c˜3 = y˜ or c˜3 = x˜y˜, all of which imply θ˜ (x1) = 1, a contradiction once again. It
remains to consider relations x˜r = y˜s . As in the proof of previous theorem, we can argue
that all such relations arise from the above ones and x˜m = y˜mk , where m divides n and
(k, n/m) = 1. Since y˜m = c˜x˜mc˜−1 = c˜y˜mkc˜−1 = x˜−mky˜mk = x˜−mkx˜m = x˜m(1−k), we get
1 = (x˜my˜−mk)1−k = x˜m(1−k)y˜m(k2−k) = y˜my˜m(k2−k) = y˜m(k2−k+1) and thus k2 − k + 1 ≡
0 (n/m). So we get that G˜ has the presentation
G˜ = 〈x˜, y˜, c˜ ∣∣ y˜n, c˜6, [x˜, y˜], c˜x˜c˜−1y˜−1, c˜y˜c˜−1y˜−1x˜, x˜my˜−km〉, (3)
where n is arbitrary integer, m its divisor and k2 − k + 1 ≡ 0 (n/m). Let us notice that
G˜ = (Zm ⊕ Zn)  Z6 = 〈x˜y˜−k, y˜〉  〈c˜〉. Now G is generated by elements x, y, c and
involution ρ which satisfy the relations
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yn = ρε, xm = ymkρδ (4)
for some α,β, γ, ε,µ, δ ∈ {0,1}. Now for ai = (mi/pi) − 1 we have µ = a3, cxc−1 =
(θ(x1)θ(x2))2θ(x1)2θ(x2) = yρa1 and so α = a1. Similarly β = a2 and γ ≡ a1 + a3 (2).
Thus we have obtained parameters α,β, γ and µ for all possible signatures of Λ.
Furthermore using the relations (4) we shall find the orders of x and y. From the proof
of previous theorem we know that γ = 1 requires m to be even. In such cases xn = yn = 1
if n ≡ 0 (4) or xn = yn = ρ if n ≡ 2 (4). For γ = 0 and n even, we obtain xn = yn = 1.
Finally, for n odd there are following possibilities: xn = yn = 1 in case 6.1; xn = yn = ρ
in case 6.2; xn = 1, yn = ρ in case 6.7 and xn = ρ, yn = 1 in case 6.8.
It remains to determine the value of δ. Since k2 − k + 1 ≡ 0 (n/m), there exists an
integer a such that k2 − k = −1 + an/m. The left-hand side of the equation is even and
so n/m is odd. Thus xn = (xm)n/m = (ymkρδ)n/m = ynkρδ . Consequently, if xn = yn = 1
then δ = 0. If xn = yn = ρ then δ = k+1 (2). If xn = 1 and yn = ρ then δ = k (2). Finally,
for xn = ρ and yn = 1 we get δ = 1.
Now we shall check that all groups listed in the theorem have order 12mn. First we
start with the group H = 〈x, y,ρ | yn,ρ2, xmy−mk, [x,ρ], [y,ρ], [x, y]ρ〉 of order 2mn.
Then G6.5.aand G6.6.a are appropriate semidirect products H  〈c | c6〉 while G6.3.a and
G6.4.a are factor groups of appropriate semidirect products H  〈c | c12〉 by 〈c6ρ〉. Next
take the group K = 〈x, y,ρ | y2n, ρ2, xmy−mkρk+1, [x,ρ], [y,ρ], [x, y]ρ〉/〈ynρ〉 of or-
der 2mn. Then G6.5.b and G6.6.b are semidirect products K  〈c | c6〉 while G6.3.b and
G6.4.b are factor groups (K  〈c | c12〉)/〈e〉, where e = c6yn. Furthermore take the group
P = 〈x, y | yn, [x, y], xmy−mk〉 ⊕ 〈ρ : ρ2〉 of order 2mn. Then G6.1.a,G6.2.a are appro-
priate semidirect products P  〈c : c6〉 while G6.7.a,G6.8.a are factor groups of appro-
priate semidirect products P  〈c | c12〉 by 〈c6ρ〉. Finally take the group R = 〈x, y,ρ |
y2n, ρ2, [x, y], xm = ymk, [x,ρ], [y,ρ]〉/〈ynρ〉 which admits 2mn elements. Since G6.2.b
is a semidirect product R  〈c : c6〉 for odd k and G6.7.b is a factor group of R  〈c : c12〉
by 〈c6ρ〉 and even k, it follows that they have order 12mn. Moreover, the assignment
ϕ(x) = xc6, ϕ(y) = yc6, ϕ(c) = c defines an isomorphism ϕ :G6.8.b → G6.7.b and so
G6.8.b have the same order.
Now let k1 and k2 give rise to equivalent actions. Then in particular there exists an iso-
morphism ϕ :G1 → G2 for which ϕ(ρ) = ρ. So ϕ induces an isomorphism ϕ˜ : G˜1 → G˜2
between the groups with presentations (3) corresponding to k1 and k2, respectively. For
n  6, there are at most two solutions of the congruence k2 + k − 1 ≡ 0 (n/m). So as-
sume that n > 6. Every element g of G˜i has the unique presentation g = x˜r y˜s c˜t for some
integers in range 0  r < m, 0  s < n, 0  t < 6. For t 
= 0, the order of g does not
exceed 6. So ϕ˜(x˜) = x˜r y˜s . Let ϕ˜(c˜) = x˜ay˜bc˜w . For w = 0, ϕ˜(c) commutes with x˜ and y˜
which implies x˜ = y˜ = 1. For w = 2 or 4, ϕ˜(c) has order 3 and for w = 3 it has order 2.
Thus w = ±1.
For w = 1, ϕ˜(y˜) = ϕ˜(c˜)ϕ˜(x˜)ϕ˜(c˜)−1 = x˜−s y˜r+s . Since ϕ˜(x˜) has order n and ϕ˜(x˜)m =
x˜rmy˜sm = x˜rmx˜sm(1−k2) = x˜m(r+s−sk2), it follows that (r + s − sk2, n/m) = 1. Moreover,
ϕ˜(y˜)mk1 = y˜mk1(r+s−sk2) and so ϕ˜(x˜)m = ϕ(y˜)mk1 if and only if k1 ≡ k2 (n/m).
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y˜mk1(k2r+k2s−r) = y˜mk1(k22r+k2s) = y˜mk1k2(k2r+s). Since ϕ˜(x˜) has order n and ϕ˜(x˜)m =
x˜rmy˜sm = y˜m(s+rk2), it follows that (s + rk2, n/m) = 1. Now ϕ˜(x˜)m = ϕ˜(y˜)mk1 if and
only if k1k2 ≡ 1 (n/m). Moreover, k22 − k2 + 1 ≡ 0 (n/m) and so k2(k1 + k2 − 1) ≡
k1k2 + k22 − k2 ≡ k1k2 − 1 ≡ 0 (n/m). Thus k1 ≡ 1 − k2 (n/m) because (k2, n/m) = 1.
Conversely, if k1 ≡ k2 (n/m) then the identity maps on the generators of G1,G2 and
Λ give an equivalence we are looking for. If k1 ≡ 1 − k2 (n/m) then such equiva-
lence is given by the isomorphisms ϕ :G1 → G2 and ψ :Λ → Λ defined by the maps
ϕ(x) = yργ+α , ϕ(y) = xρα+γ , ϕ(c) = c−1 and by ψ(x1) = x−12 x−11 x2, ψ(x2) = x−12 ,
ψ(x3) = (x1x2)x−13 (x1x2)−1, ψ(x4) = x−1t+3, . . . , ψ(xt+3) = x−14 , respectively. 
5. The topological type of (3,3,3) action
Theorem 5.1. The topological type of (3,3,3) action on elliptic-hyperelliptic Riemann
surface of genus g > 5 is determined by a finite group of automorphisms G = Gm,n,k with
the presentation
〈
x, y, c, ρ
∣∣ ρ2, cxc−1y−1x, cyc−1xρβ, [x, y]ργ , c3ρµ,ynρε, xmy−mkρδ,R〉
and an epimorphism θ :Λ → G defined by θ(x1) = c, θ(x2) = c−2x, θ(x3) = x−1cρt and
θ(xi) = ρ for i = 4, . . . , t + 3, where R is the set of relations making ρ central, m,n, k
are arbitrary integers for which m divides n, k2 − k + 1 ≡ 0 (n/m) and signature Λ
and ε,β, γ,µ, δ ∈ {0,1} are given in Table 3. Actions corresponding to distinct rows are
not equivalent. Two actions corresponding to the same row and parameters m1, n1, k1
and m2, n2, k2 are equivalent if and only if m1 = m2, n1 = n2 and k1 ≡ k2 (n/m) or
k1 ≡ 1 − k2 (n/m).
Table 3
Case τ = σ(Λ) β γ µ ε δ Conditions
3.1.a [3,3,3,2, t. . . ,2] 0 0 0 0 0 t ≡ 0 (2), t  1
3.2.a [3,3,6,2, t. . . ,2] 0 1 0 0 0 m ≡ 0 (4), t ≡ 0 (2)
3.2.b [3,3,6,2, t. . . ,2] 0 1 0 1 k + 1 (2) m ≡ 2 (4), t ≡ 0 (2)
3.3.a [6,6,3,2, t. . . ,2] 1 0 1 0 0 m ≡ 0 (2), t ≡ 0 (2)
3.3.b [6,6,3,2, t. . . ,2] 1 0 1 0 1 n ≡ 1 (2), t ≡ 0 (2)
3.4.a [6,6,6,2, t. . . ,2] 1 1 1 0 0 m ≡ 0 (4), t ≡ 0 (2)
3.4.b [6,6,6,2, t. . . ,2] 1 1 1 1 k + 1 (2) m ≡ 2 (4), t ≡ 0 (2)
3.5.a [3,3,3,2, t. . . ,2] 0 1 0 0 0 m ≡ 0 (4), t ≡ 1 (2)
3.5.b [3,3,3,2, t. . . ,2] 0 1 0 1 k + 1 (2) m ≡ 2 (4), t ≡ 1 (2)
3.6.a [3,3,6,2, t. . . ,2] 0 0 0 0 0 t ≡ 1 (2)
3.7.a [3,6,6,2, t. . . ,2] 1 1 0 0 0 m ≡ 0 (4), t ≡ 1 (2)
3.7.b [3,6,6,2, t. . . ,2] 1 1 0 1 k + 1 (2) m ≡ 2 (4), t ≡ 1 (2)
3.8.a [6,6,6,2, t. . . ,2] 1 0 1 0 0 m ≡ 0 (2), t ≡ 1 (2)
3.8.b [6,6,6,2, t. . . ,2] 1 0 1 0 1 n ≡ 1 (2), t ≡ 1 (2)
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mann surface and let
c = θ(x1), x = θ(x1)2θ(x2) and y = θ(x1)2θ(x2)2θ(x1)2.
Then x˜ = π(x), y˜ = π(y) and c˜ = π(c) generate G˜ and since π(θ(x1)) and π(θ(x2)) are
two elements of order 3 whose product has order 3 it is easy to check that they satisfy the
relations:
c˜x˜c˜−1 = x˜−1y˜, c˜y˜c˜−1 = x˜−1, x˜y˜ = y˜x˜, c˜3 = 1, y˜n = 1
for some positive integer n. Thus every other relation R(x˜, y˜, c˜) = 1 can be written as
x˜r y˜s c˜t = 1 for appropriate integers in range 0 r, s < n, 0 t < 3. If t = 1 or t = 2 then
c˜ commutes with x˜ and y˜ which easily leads to a contradiction as before. So it remains to
consider the relations of type x˜r = y˜s . As in the proof of the previous theorems, we can
argue that any such relation arises from the above ones and x˜m = y˜mk , where m divides
n and (k, n/m) = 1. Since x˜−my˜m = c˜x˜mc˜−1 = c˜y˜mkc˜−1 = x˜−mk , it follows that y˜m =
x˜m(1−k). Thus 1 = (x˜my˜−mk)1−k = x˜m(1−k)y˜m(k2−k) = y˜m(k2−k+1) and consequently k2 −
k + 1 ≡ 0 (n/m). So we get that G˜ has the presentation
G˜ = 〈x˜, y˜, c˜ ∣∣ c˜3, y˜n, c˜x˜c˜−1y˜−1x˜, c˜y˜c˜−1x˜, x˜y˜x˜−1y˜−1, x˜m = y˜mk 〉, (5)
where n is arbitrary integer, m its divisor and k2 − k + 1 ≡ 0 (n/m). Let us notice that
G˜ = (Zm ⊕ Zn)Z3 = 〈x˜y˜−k, y˜〉 〈c˜〉. Now G is generated by x, y, c and involution ρ
which satisfy the relations:
cxc−1 = x−1yρα, cyc−1 = x−1ρβ, [x, y] = ργ , c3 = ρµ,
yn = ρε, xm = ymkρδ (6)
for some α,β, γ, δ, ε,µ in {0,1}. Let as before ai = (mi/pi) − 1. Then cxc−1y−1x =
θ(x1)3θ(x2)θ(x1)−3θ(x2)−1 = 1, cyc−1x = θ(x2)3 = ρa2 , and
[x, y] = θ(x1)2θ(x2)2
(
θ(x1)θ(x2)
)−3
θ(x2)
−2θ(x1)−2ρa1+a2
= θ(x1)2θ(x2)2
(
θ(x3)
3ρt
)
θ(x2)
−2θ(x1)−2ρa1+a2
= ρt+a1+a2+a3
and so α = 0, β = a2 and γ ≡ t + a1 + a2 + a3 (2). Clearly, µ = a1. Thus we have
obtained the parameters α,β, γ,µ for all possible signatures of Λ up to permutation of
its periods. The remaining part of the theorem can be proved in a similar way as Theo-
rem 4.1. This time for k1 ≡ 1 − k2 (n/m) the equivalence is given by the isomorphisms
ϕ :G1 → G2 and ψ :Λ → Λ defined by the maps ϕ(x) = yρβ , ϕ(y) = xρβ , ϕ(c) = c−1
and by ψ(x1) = x−11 , ψ(x2) = x1x−12 x−11 , ψ(x3) = (x1x2)x−13 (x1x2)−1, ψ(x4) = x−1t+3,−1. . . , ψ(xt+3) = x4 , respectively. 
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Theorem 6.1. The topological type of the (2,2,2,2) action on elliptic–hyperelliptic Rie-
mann surface of genus g > 5 is determined by a finite group of automorphisms G = Gεδ
with the presentation:〈
x, y, c, ρ
∣∣ c2ρµ,ρ2, yNρε, cxc−1xρα, cyc−1yρβ, [x, y]ργ , xMρδ,R〉,
and an epimorphism θ :Λ → G defined by θ(x1) = c, θ(x2) = c−1x, θ(x3) = yc−1,
θ(x4) = cy−1x−1ρt and θ(xi) = ρ for i = 5, . . . , t +4, where R is the set of relations mak-
ing ρ central, M divides N and the signature of Λ and parameters α,β, γ,µ, ε, δ ∈ {0,1}
are given in Table 4. Two actions corresponding to distinct rows or distinct pairs (M,N)
are nonequivalent. For the same row: for M ≡ 0 (2) or M ≡ 1 (2) and t ≡ 0 (2) there are
three represented by G00, G01, G10 or two represented by G00, G11 nonequivalent actions
according to N/M being even or odd, for M ≡ 1 (2) and t ≡ 1 (2) there are two repre-
sented by G00, G11 or one represented by G00 nonequivalent actions according to N/M
being even or odd.
Proof. Let G be a group of automorphisms of the type (2,2,2,2) of elliptic-elliptic
Riemann surface and θ :Λ → G the corresponding epimorphism. Let x = θ(x1)θ(x2),
y = θ(x3)θ(x1), c = θ(x1). Then x˜ = π(x), y˜ = π(y) and c˜ = π(c) generate G˜ and since
π(θ(x1)),π(θ(x2)), π(θ(x3)) are three elements of order 2 whose product has order 2
either it is easy to check that they satisfy the relations:
c˜2 = 1, x˜y˜ = y˜x˜, c˜x˜c˜−1 = x˜−1, c˜y˜c˜−1 = y˜−1, y˜n = 1, x˜n′ = 1
for some positive integers n and n′. Thus any other relation R(x˜, y˜, c˜) = 1 can be written
as x˜r y˜s c˜t = 1 for some integers r, s, t in range 0  r < n′, 0  s < n, 0  t < 2. Now
c˜ does not belong to 〈x˜, y˜〉 because otherwise we get x˜ = x˜−1 and y˜ = y˜−1 which im-
plies either c˜ = x˜ or c˜ = y˜ or else c˜ = x˜y˜ which gives π(θ(x2)) = 1 or π(θ(x3)) = 1 or
π(θ(x1x2x3)) = 1, respectively. It remains to consider the relations of type xp = yq . As-
sume that such nontrivial relation exist and let x˜m = y˜k be a one with the smallest m. Then
G˜ has the presentation
G˜ = 〈x˜, y˜, c˜ ∣∣ y˜n, c˜2, [x˜, y˜], c˜x˜c˜−1x˜, c˜y˜c˜−1y˜, x˜my˜−k 〉 (7)
Table 4
Case σ(Λ) α β γ µ ε, δ Conditions
2.1 [2,2,2,2,2, t. . . ,2] 0 0 0 0 arbitrary t  1
2.2 [2,2,2,4,2, t. . . ,2] 0 0 1 0 arbitrary M even
2.3 [2,4,2,4,2, t. . . ,2] 1 0 0 0 arbitrary M even
2.4 [2,4,4,4,2, t. . . ,2] 1 1 1 0 arbitrary M even
2.5 [4,4,4,4,2, t. . . ,2] 0 0 0 1 arbitrary none
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the relations
cxc−1 = x−1ρα, cyc−1 = y−1ρβ, xy = yxργ , xm = ykρδ, c2ρµ,ynρε (8)
for some ε,α,β, γ, δ,µ ∈ {1,0}. For ai = (mi/pi) − 1, we have cxc−1 = x−1ρa1+a2 ,
cyc−1 = y−1ρa1+a3 , xyx−1y−1 = ρa1+a2+a3+a4 and so µ = a1, α ≡ a1 + a2 (2), β ≡
a1 + a3 (2) and γ ≡ a1 + a2 + a3 + a4 (2). In this way we have obtained parameters
α,β, γ,µ for all possible signatures of Λ up to permutation of its proper periods. It is easy
to see that n and n′ must be even for γ = 1. Moreover, if α = 1 or β = 1 then n′ or n is
even, respectively.
Now let G˜m,n,k denotes an automorphism group of a torus with the presentation (7),
M = gcd(m,n, k) and N = mn/M . We shall show that there exist an isomorphism ϕ˜ from
G˜M,N,N = (ZM ⊕ ZN)  Z2 to G˜m,n,k which can be lifted to an automorphism of G
which in turn define equivalent actions. As in the proof of the Theorem 3.1, we can ar-
gue that m divides n′. Thus n′/m = (x˜m) = (y˜k) = n/(n, k) and so n′ = mn/(n, k).
Let p = (k, n)/M , let qs11 . . . qsrr be a prime decomposition of n/p, let I be the set of
those i for which qi divides p and xs = xys . Then for s = n/(p∏i∈I qsii ) we have
(xs) = lcm((x), (ys)) = lcm((m/M)(n/p),p∏i∈I qsii ). Since (m/M,p) = 1, it fol-
lows that (xs) = N . Moreover, the relation xms = yks holds for ks = k+ms and so n/M =
N/m = (x˜ms ) = (y˜ks ) = n/(ks, n) which implies that (ks, n) = M . Let us notice that
ϕ˜1(x˜′) = x˜y˜, ϕ˜1(y˜′) = y˜, ϕ˜1(c˜′) = c˜ give rise to an isomorphism between Gm,n,k+m and
Gm,n,k . Thus iterating s times ϕ˜1 we obtain an isomorphism from Gm,n,ks to Gm,n,k , where
(ks, n) = M . Let a, b be integers such that aks + bn = M . Then taking x˜′′ = y˜′, y˜′′ = x˜′
we obtain a system of generators, corresponding to a triple (M,N,am) or in other words
an isomorphism ϕ˜2 between G˜M,N,am and G˜m,n,ks induced by ϕ˜2(x˜′′) = y˜′, ϕ˜2(y˜′′) = x˜′,
ϕ˜2(c˜′′) = c˜′. Now N/M −am/M iteration of ϕ˜1 give us an isomorphism between G˜M,N,N
and GM,N,am. Furthermore we show that both ϕ˜1 and ϕ˜2 can be lifted to automorphisms
of G which in turn define equivalent actions. In the first case, we can define the auto-
morphisms ψ1 of the group Λ and ϕ1 of the group G by the maps ψ1(x1) = x1x2x−11 ,
ψ1(x2) = x1x3x−11 , ψ1(x3) = x4, ψ1(x4) = x−14 x1x4, ψ(xi) = xi for i = 5, . . . , t + 4 and
ϕ1(c) = xc−1, ϕ1(x) = xyρa1 , ϕ1(y) = yρt+β and in the second one by ψ2(x1) = x−11 ,
ψ2(x2) = x1x−13 x−11 , ψ2(x3) = x1x−12 x−11 , ψ2(x4) = x1x2x3x−14 x−13 x−12 x−11 , ψ2(x5) =
x−1t+4, . . . , ψ2(xt+4) = x−15 and ϕ2(c) = c−1, ϕ2(x) = yρβ , ϕ2(y) = xρα . Then using an
epimorphism θ defined in the previous theorem we obtain the equivalence which we are
looking for.
So an arbitrary action is equivalent with a one represented by G00, G01, G10 or G11
and we need only to determine when the last are equivalent. We shall show that it depends
on the parity of parameters M,N/M and t . Let us notice that if ϕ :Gεδ → Gε′δ′ is an
isomorphism, then for N > 2, ϕ(x) = xrysρt and ϕ(y) = xuywρz for suitable parameters.
First we consider the case when M is even. Let us assume that γ = 0 and M ≡ 0 (2)
or γ = 1 and M ≡ 0 (4). Iterating N/M times ϕ1 we obtain an isomorphism G11 → G10
which induces an equivalence of their actions. Furthermore suppose that there exist an iso-
morphism ϕ :G01 → G00. Then ρ = ϕ(x)M = xrMysM = ysM , which means that ρ ∈ 〈y〉,
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suppose that there exist an isomorphism ϕ :G11 → G01. Then ρ = ϕ(y)N = xuNywN =
(xM)uN/M . Thus if N/M is even, then we obtain ρ = 1, a contradiction. In case N/M is
odd, the equivalence of actions of G11 and G01 is given by the isomorphisms ϕ3 :G11 →
G01 and ψ3 :Λ → Λ defined by the assignments ϕ3(x) = x, ϕ3(y) = yxρa1 , ϕ3(c) = c−1x,
ϕ3(ρ) = ρ and by ψ3(x1) = x2, ψ3(x2) = x−12 x1x2, ψ3(xi) = xi for i = 3, . . . , t + 4.
Next let us assume that γ = 1, M ≡ 2 (4) and N/M ≡ 1 (2). Then iterating N/M
times ϕ1 we obtain an isomorphism ϕ :G01 → G00 which induces the equivalence of their
actions. Similarly ϕ3 :G10 → G00 induces the equivalence of actions of G10 and G00.
However, there is no isomorphism ϕ :G11 → G00. In a contrary, suppose that such epi-
morphism exists. Then, as before, for N > 2, ϕ(x) = xrysρt and ϕ(y) = xuywρz. Since
ρ = ϕ(x)M and ρ = ϕ(y)N , it follows that the integers r, s, u,w must be odd since oth-
erwise we obtain that ρ ∈ 〈y〉, which is impossible. Moreover, 〈ϕ(x),ϕ(y), ρ〉 = 〈x, y,ρ〉
and so there exist integers a, b, c such that x = ϕ(x)aϕ(y)bρc . Since ρ does not belong
to 〈x, y〉, it follows that xτ−1 = y−σ ρζ , for τ = ar + bu, σ = as + bw and some even ζ .
However, the last relation is possible only for even exponents while τ − 1 and σ have
different parities for arbitrary a and b. Consequently, the actions of G00 and G11 are not
equivalent.
Now assume that γ = 1, M ≡ 2 (4) and N/M is even. Then ϕN/M1 induces the equiv-
alence of actions of G10 and G11. Suppose that there exists an isomorphism: G10 → G01.
Since N ≡ 0 (4), it follows that ρ = ϕ(y)N = xuNywN = ywN which means that ρ ∈ 〈y〉,
a contradiction. Similarly we can argue that G10 and G00 are not isomorphic either. Finally
suppose that there exists an isomorphism ϕ :G01 → G00. Then ϕ(x) = xrysρt for some
odd integers r, s, since otherwise as before we obtain ρ ∈ 〈y〉 which is impossible. Thus
ρ = ϕ(x)M = xrMysMρ which implies ysM = 1. Consequently, N/M divides s and so s
is even, a contradiction.
Summing up for even M there are three nonequivalent actions represented by
G00,G10,G01 or two represented by G00, G11 according to N/M being even or odd.
Next we consider the case when M ≡ 1 (2). It is possible only in two cases 2.1 and 2.5.
First we shall show that if t ≡ 1 (2) and N ≡ 1 (2) then the actions of G00, G10, G01 and
G11 are equivalent. For, let ψ4 and ϕ4 be isomorphisms of the groups Λ and G respectively
defined by the assignments ψ4(x1) = x2, ψ4(x2) = x−12 x1x2, ψ4(x3) = x3x4x−13 , ψ4(x4) =
x3, ψ4(xi) = xi for i = 5, . . . , t + 4 and ϕ4(c) = c−1x, ϕ4(x) = x, ϕ4(y) = yρt . Then ϕ4
induces the equivalence of actions of G10 and G00 as well as G11 and G01. Furthermore let
ψ5 and ϕ5 be defined by ψ5(x1) = x4, ψ5(x2) = x−14 x1x4, ψ5(x3) = x−14 x2x4, ψ5(x4) =
x−14 x3x4, ψ4(xi) = xi for i = 5, . . . , t +4 and ϕ5(c) = cy−1x−1ρt , ϕ5(x) = y−1x−1ρa1+t ,
ϕ5(y) = x2yρt . Then ϕ25(x) = x−1ρt , ϕ25(y) = y−1 and so ϕ25 induces the equivalence of
actions of G01 and G00.
Now assume that N ≡ 1 (2) and t ≡ 0 (2). Then in case 2.1, ϕN1 induces the equiva-
lence of actions of G11 and G10 while ϕM3 , the equivalence of G11 and G01. In case 2.5,
ϕN1 induces the equivalence of actions of G01 and G00 while ϕ
M
3 , the equivalence of G10
and G00. So we need to check if the actions of G00 and G11 are equivalent. If there ex-
ists an isomorphism ϕ :G11 → G00 then ϕ(x) = xrysρ and ϕ(y) = xuywρ. On the other
hand, every automorphism ψ of Λ can be realized geometrically and so for i = 1,2,3,4,
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ej denote θ(λxjλ−1) for some λ ∈ Λ. Then θ(λ) = xf ygcρh for some integers f,g,h in
range 1 f M , 1 g  N , 0 h 1 and so e1 = x2f y2gc, e2 = x2f±1y2gc−1, e3 =
x2f y2g±1c−1 and e4 = x2f±1y2g±1cρt . Now ϕ(x) = ϕθ(x1x2) = θψ(x1x2) = eν(1)eν(2)
and similarly ϕ(y) = eν(3)eν(1). However, for none permutation ν, the elements eν(1)eν(2)
and eν(3)eν(1) have the required form xrysρ and xuywρ. Thus G00 and G11 are not iso-
morphic and consequently their actions are not equivalent.
Finally assume that N ≡ 0 (2) and let ψ6 and ϕ6 be isomorphisms of the groups
Λ and G respectively defined by the assignments ψ(x1) = x3, ψ(x2) = x−13 x1x2x−11 x3,
ψ(x3) = x−13 x1x3, ψ(x4) = x4, ψ(xi) = xi for i = 1, . . . , t + 4 and ϕ(c) = yc−1, ϕ(x) =
xy−1ρβ+a1 , ϕ(y) = y, ϕ(ρ) = ρ. Then iterating N times ϕ6 we obtain an isomorphism
ϕ :G11 → G10 which induces the equivalence of their actions. As for even M , we can
argue that G11 is not isomorphic with G00 nor G01. Furthermore for t ≡ 1 (2), ϕ25 in-
duces the equivalence of actions of G01 and G00. We shall show that for even t , these
two actions are not equivalent. Indeed, for arbitrary isomorphism ϕ :G01 → G00 we have
ϕ(x) = xrysρ, where s ≡ 0 (N/M) is even. However, no product eν(1)eν(2) is in the form
xrysρ for even s. Consequently, if M is odd and N is even then there are two represented
by G11 and G00 or three represented by G00,G10,G01 nonequivalent actions according to
t being odd or even. 
7. The topological type of (1;−) action
Theorem 7.1. The topological type of the (1;−) action on elliptic-hyperelliptic Riemann
surface of genus g > 5 is determined by a finite group of automorphisms G = Gεδ with the
presentation 〈
x, y,ρ
∣∣ ρ2, yNρε, [x, y]ρt , xMρδ, [x,ρ], [y,ρ]〉
and an epimorphism θ :Λ → G defined by θ(a) = x, θ(b) = y and θ(xi) = ρ for i =
1, . . . , t , where Λ is a Fuchsian group with the signature (1;2, t. . . ,2), ε, δ ∈ {0,1} are
arbitrary, M divides N and M is even when t is odd. For t ≡ 0 (2), M ≡ 0 (2) or t ≡ 1 (2),
M ≡ 0 (4), there are three represented by G00, G01, G10 or two represented by G00, G01
non equivalent actions according to N/M being even or odd, for t ≡ 1 (2), N ≡ 2 (4) or
N/M ≡ 0 (2), M ≡ 1 (2) there are two non equivalent actions represented by G00 and
G11, for N/M ≡ 1 (2), M ≡ 1 (2) there is only one action represented by G00.
Proof. In this case, the group Λ has the signature (1;2, t. . . ,2). Let x1, . . . , xt , a, b be its
canonical generators. Since x1 . . . xt [a, b] = 1 and p1 = · · · = pt = 1, it follows that G˜
is generated by x˜ = πθ(a) and y˜ = πθ(b) which satisfy the relations: x˜y˜ = y˜x˜, y˜n = 1,
x˜n
′ = 1 for some positive integers n and n′. There is possible one more relation x˜m = y˜k
for some integers m,k where m divides n′ and so we get following presentation:〈 ∣ 〉G˜m,n,k = x˜, y˜ ∣ y˜n, x˜y˜x˜−1y˜−1, x˜m = y˜k . (9)
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relations
xy = yxρt , xm = ykρδ, ynρε, xρ = ρx, yρ = ρy (10)
for some ε, δ ∈ {1,0}. Let us notice that if t is odd then n must be even. Otherwise the
equation xyx−1 = yρ implies yn = ynρ and so ρ = 1, a contradiction. Moreover, then
ykρk = xykx−1 = xmρδ and so k must be even either. It is easy to show that m is even too.
Now let G˜m,n,k be a group with the presentation (9), M = gcd(m,n, k) and N = mn/M .
Similarly as in the proof of previous theorem we can show that composing in appropriate
way two automorphisms ϕ˜1 and ϕ˜2 defined by ϕ˜1(x˜) = x˜y˜, ϕ˜1(y˜) = y˜ and by ϕ˜2(x˜) = y˜,
ϕ˜2(y˜) = x˜, respectively, we can obtain an isomorphism between G˜M,N,N = ZM ⊕ZN and
G˜m,n,k . Moreover, both of them can be lifted to automorphisms of G which in turn define
equivalence of actions. Indeed, we can define the automorphisms ψi :Λ → Λ and ϕi :G →
G by the maps: ψ1(a) = ab, ψ1(b) = b, ψ1(xj ) = xj for j = 1, . . . , t and ϕ1(x) = xy,
ϕ1(y) = y, ϕ1(ρ) = ρ and by ψ2(a) = b, ψ2(b) = a, ψ2(x1) = x−1t , . . . , ψ2(xt ) = x−11
and ϕ2(x) = y, ϕ2(y) = x, ϕ2(ρ) = ρ.
So an arbitrary action is equivalent with a one represented by G00, G01, G10 or G11
and we need only to determine when the last are equivalent. If M is even then repeating
the argumentation from the proof of previous theorem we obtain for γ = 0 or γ = 1, M ≡
0 (4), three represented by G00, G01, G10 or two represented by G00, G01 non equivalent
actions according to N/M being even or odd and for γ = 1, N ≡ 2 (4), two non equivalent
actions represented by G00 and G11.
Now assume that M is odd. Then t must be even. Iterating N/M times ϕ1 we obtain
an isomorphism G11 → G10 which induces equivalence of the corresponding actions. The
isomorphisms ψ :Λ → Λ and ϕ :G01 → G00 defined by the maps ψ(a) = xta, ψ(b) = b,
ψ(x1) = bxtb−1, ψ(x2) = x1, . . . , ψ(xt ) = xt−1 and ϕ(x) = xρ, ϕ(y) = y, ϕ(ρ) = ρ
give the equivalence of G01 and G00. Moreover, if N/M is odd then the automorphisms
ψ3 :Λ → Λ and ϕ3 :G11 → G01 defined by ψ3(a) = a, ψ3(b) = ba, ψ3(xj ) = xj for
j = 1, . . . , t and by ϕ3(x) = x, ϕ3(y) = yx, ϕ3(ρ) = ρ give the equivalence of the corre-
sponding actions. If N/M is even then there does not exist an isomorphism ϕ :G11 → G01
since otherwise for ϕ(y) = xrysρt we get ρ = ϕ(y)N = 1, a contradiction. 
8. Full actions on elliptic–hyperelliptic Riemann surfaces
Theorem 8.1. A group G is the full group of automorphisms of some elliptic–hyperelliptic
Riemann surface of genus g if and only if G is one of the groups listed in the Theo-
rems 3.1–7.1 and the pair (G,g) does not appear in Table 5.
Proof. Let G = Λ/Γ be a group of automorphisms of elliptic–hyperelliptic Riemann
surface X = H/Γ of genus g > 5. If the signature τ of Λ does not appear in the first
column of the Tables 1.5.1 or 1.5.2 in [16] then Λ can be chosen to be a maximal [16]
and so G can be assumed to be full group of automorphisms of X. In the other case,
Λ is always contained in an NEC group Λ′ and signatures τ ′ of such groups are given
E. Tyszkowska / Journal of Algebra 288 (2005) 345–363 361Table 5
G g G g
G3.2.a mn/2 + 1 G3.2.b mn/2 + 1
G3.3.a mn + 1 G3.3.b mn + 1
G1.1.a mn/2 + 1 G1.1.b mn/2 + 1
G1.1.c mn/2 + 1
Table 6
τ Position τ g τ ′ Position τ ′ g′
[2,2,4,4] 4.1, t = 1 2mn + 1 [2,2,2,4] 2.2, t = 0 mn/2 + 1
[4,8,8] 4.2, t = 0 2mn + 1 [2,3,8] none
[4,8,8] 4.2, t = 0 2mn + 1 [2,8,8] 4.6, t = 0 mn + 1
[4,8,8] 4.2, t = 0 2mn + 1 [2,4,8] 4.4, t = 0 mn/2 + 1
[4,4,4] 4.3, t = 0 mn + 1 [3,3,4] none
[4,4,4] 4.3, t = 0 mn + 1 [2,3,8] none
[2,4,8] 4.4, t = 0 mn/2 + 1 [2,3,8] none
[4,4,8] 4.5, t = 0 3mn/2 + 1 [2,4,16] none
[2,8,8] 4.6, t = 0 mn + 1 [2,3,8] none
[2,8,8] 4.6, t = 0 mn + 1 [2,8,4] 4.4, t = 0 mn/2 + 1
[2,2,8,8] 4.6, t = 1 3mn + 1 [2,2,2,8] none
[2,2,6,6] 6.2, t = 1 4mn + 1 [2,2,2,6] none
[2,6,6] 6.2, t = 0 mn + 1 [2,6,4] none
[2,6,12] 6.4, t = 0 3mn/2 + 1 [2,3,12] 6.3, t = 0 mn/2 + 1
[4,3,12] 6.7, t = 0 2mn + 1 [2,3,12] 6.3, t = 0 mn/2 + 1
[2,2,4,4] 2.3, t = 0 mn + 1 [2,2,2,4] 2.2, t = 0 mn/2 + 1
[4,4,4,4] 2.5, t = 0 2mn + 1 [2,2,2,4] 2.2, t = 0 mn/2 + 1
[3,3,6] 3.2, t = 0 mn/2 + 1 [2,3,12] 6.3, t = 0 mn/2 + 1
[6,6,3] 3.3, t = 0 mn + 1 [2,6,6] 6.2, t = 0 mn + 1
[6,6,6] 3.4, t = 0 3mn/2 + 1 [3,3,6] 3.2 ,t = 0 mn/2 + 1
(1;2) 1.1, t = 1 mn/2 + 1 [2,2,2,4] 2.2, t = 0 mn/2 + 1
in the second column of the corresponding row. However, Table 6 shows that most τ ′
either gives rise to the action on non elliptic–hyperelliptic Riemann surface X′ or such
surface is elliptic–hyperelliptic but has genus g′ distinct to g. So we need only to examine
the cases concerning the signatures [3,3,6], [6,6,3] and (1;2). We shall prove that for
every group Λ with one of above signatures and every epimorphism θ :Λ → G whose
kernel Γ has signature (g;−) and H/Γ is elliptic–hyperelliptic, there exists a Fuchsian
group Λ′, a group G′, group embeddings i :Λ ↪→ Λ′, j :G ↪→ G′ and an epimorphism
θ ′ :Λ′ → G′ such that 1 
= [Λ′ :Λ] = [G :G′] and θ ′ · i = j · θ . Then G = Λ/Γ Λ′/Γ =
G′ ⊆ Aut(X), for all elliptic–hyperelliptic surfaces X of genus g on which G acts as a
group of automorphisms. First let τ = [3,3,6] and τ ′ = [2,3,12]. Let Λ′ be a Fuchsian
group with the signature τ ′ containing Λ and let y1, y2, y3 be its canonical generators.
Clearly, x1 = y2, x2 = y3y2y−13 and x3 = y23 belong to Λ and have orders 3,3 and 6,
respectively. Moreover, it is easy to see that x1x2x3 = 1 and x1, x2, x3 generate the normal
subgroup of Λ′ of index 2. So x1, x2, x3 form a system of canonical generators for Λ and
consequently, the embedding i :Λ ↪→ Λ′ is induced by the assignment:
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The signature [3,3,6] appears in Theorem 5.1 and so G has the presentation 3.2.a or 3.2.b.
The signature τ ′ appears in Theorem 4.1 and so G′ has the presentation 6.3.a or 6.3.b. It
is easy to check that the assignment
j (x) = x−1c6, j (y) = y−1, j (c) = c2y, j (ρ) = c6
gives a group monomorphism j :G → G′ consistent with an epimorphisms θ :Λ → G and
θ ′ :Λ′ → G′ given in Theorems 5.1 and 4.1, respectively.
The case of a Fuchsian group Λ with the signature τ = [6,6,3] is similar. Here τ ′ =
[2,6,6] appears in Theorem 4.1 and so G′ has presentation 6.2.a or 6.2.b. As in previous
case, the embedding i :Λ ↪→ Λ′ may be induced by the assignment
i(x1) = y2, i(x2) = y3y2y−13 , i(x3) = y23
and now a group monomorphism j :G → G′ for which θ ′i = jθ is defined by
j (x) = x−1, j (y) = y−1ρ, j (c) = c2y.
Finally let τ = (1;2) and τ ′ = [2,2,2,4]. Let Λ′ be a Fuchsian group with the signature
τ ′ containing Λ and let y1, y2, y3, y4 be its canonical generators. Clearly, x1 = y24 , a = y1y2
and b = y3y1 belong to Λ and x1 has order 2. Moreover, it is easy to see that x1[a, b] = 1
and x1, a, b generate the normal subgroup of Λ′ of index 2. So x1, a, b form a system of
canonical generators for Λ and consequently, the embedding i :Λ ↪→ Λ′ is induced by the
assignment:
i(x1) = y24 , i(a) = y1y2, i(b) = y3y1.
Now the presentations of G and G′ and the epimorphisms θ :Λ → G and θ ′ :Λ′ → G′
are given in Theorems 7.1 and 6.1, respectively, and we define a group monomorphism
j :G → G′ by the assignment
j (x) = x, j (y) = y, j (ρ) = ρ. 
Acknowledgments
I thank Professor Grzegorz Gromadzki for helpful comments and suggestions during
my work on the subject and the referee for his remark concerning Theorem 6.1.
References
[1] O.V. Bogopolski, Classifying the actions of finite groups on orientable surfaces of genus 4, Siberian Adv.
Math. 7 (4) (1997) 9–38.
E. Tyszkowska / Journal of Algebra 288 (2005) 345–363 363[2] R. Brandt, H. Stichtenoth, Die Automorphismengruppen hyperelliptischer Kurven, Manuscripta Math. 55 (1)
(1986) 83–92.
[3] S.A. Broughton, Classifying finite groups actions on surfaces of low genus, J. Pure Appl. Algebra 69 (3)
(1991) 233–270.
[4] E. Bujalance, F.J. Cirre, J.M. Gamboa, G. Gromadzki, Symmetry types of hyperelliptic Riemann surfaces,
Mém. Soc. Math. Fr. (N.S.), vol. 86, 2001.
[5] E. Bujalance, A.F. Costa, On symmetries of p-hyperelliptic Riemann surfaces, Math. Ann. 308 (1) (1997)
31–45.
[6] E. Bujalance, J.J. Etayo, J.M. Gamboa, Surfaces elliptiques-hyperelliptiques avec beaucoup d’automor-
phismes, C. R. Acad. Sci. Paris Ser. I Math. 302 (10) (1986) 391–394.
[7] E. Bujalance, J.J. Etayo, J.M. Gamboa, Topological types of p-hyperelliptic real algebraic curves, Math.
Z. 194 (2) (1987) 275–283.
[8] E. Bujalance, J.J. Etayo, Large automorphism groups of hyperelliptic Klein surfaces, Proc. Amer. Math.
Soc. 103 (3) (1988) 679–686.
[9] E. Bujalance, J.J. Etayo, A characterization of q-hyperelliptic compact planar Klein surfaces, Abh. Math.
Sem. Univ. Hamburg 58 (1988) 95–102.
[10] E. Bujalance, J. Etayo, J. Gamboa, G. Gromadzki, Automorphisms Groups of Compact Bordered Klein
Surfaces. A Combinatorial Approach, Lecture Notes in Math., vol. 1439, Springer-Verlag, 1990.
[11] E. Bujalance, J.M. Gamboa, G. Gromadzki, The full automorphisms group of hyperelliptic Riemann sur-
faces, Manuscripta Math. 79 (1993) 267–282.
[12] B. Estrada, Automorphism groups of orientable elliptic–hyperelliptic Klein surfaces, Ann. Acad. Sci. Fenn.
Math. 25 (2000) 439–456.
[13] B. Estrada, E. Martínez, On q-hyperelliptic k-bordered tori, Glasgow Math. J. 43 (3) (2001) 343–357.
[14] B. Estrada, Geometrical characterization of p-hyperelliptic planar Klein surfaces, Comput. Methods Funct.
Theory 2 (1) (2002) 267–279.
[15] H.M. Farkas, I. Kra, Riemann Surfaces, Grad. Texts Math., Springer-Verlag, 1980.
[16] D. Singerman, Finitely maximal Fuchsian groups, J. London Math. Soc. (2) 6 (1972) 29–38.
